The second-order Stark effect for a planar Dirac one-electron atom in the ground state is analyzed within the framework of the Rayleigh-Schrödinger perturbation theory, with the use of the Sturmian series expansion of the generalized Dirac-Coulomb Green function. A closedform analytical expression for the static dipole polarizability of that system is found. The formula involves a generalized hypergeometric function 3F2 with the unit argument. Numerical values of the polarizabilities for relativistic planar hydrogenic atoms with atomic numbers 1 Z 68 are provided in a tabular form. A simple formula for the polarizability of a nonrelativistic two-dimensional hydrogenic atom, reported previously by several other authors, is recovered from our result in the nonrelativistic limit.
Introduction
For several decades, theoreticians have been investigating properties of model planar quantum systems. Recent years have seen a growth of interest in such studies, driven primarily by the rapid progress in low-dimensional condensed matter physics and materials science. It is not surprising that the system that has attracted much interest in this context is the planar analogue of the one-electron atom. Its exceptional charm is rooted in its physical simplicity, as well as in the fact that the pertinent Schrödinger, Klein-Gordon and Dirac equations admit analytical solutions [1, 2] . In consequence, a good deal of information about various properties of that particular system has been gathered over the past years. However, a somewhat astonishing asymmetry may be observed: whereas a number of works have dealt with the planar hydrogenic atom subjected to the action of a magnetic field (the reader will find a comprehensive relevant bibliography in our recent works [3, 4] ), much less effort has been put to consider such an atom immersed in an electric field [1, [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] (cf. also Refs. [15] [16] [17] [18] ). Further studies on the Stark effect for planar one-electron atoms are thus desirable, and the present paper meets that demand.
In Refs. [1, [6] [7] [8] [9] [10] [15] [16] [17] , a simple analytical expression for the polarizability of the twodimensional hydrogen-like atom in the ground state has been found (or may be inferred from akin results presented therein). A common feature of all these works is that the atomic electron has been described with the use of the Schrödinger equation. In the present paper, we shall derive an analytical formula for the polarizability of that particular atomic system, but with the employment of the Dirac equation rather than the Schrödinger one. The calculations will be carried out within the framework of the second-order Rayleigh-Schrödinger perturbation theory, with the use of the Sturmian series expansion of the generalized radial Dirac-Coulomb Green function. The resulting formula for the polarizability appears to be much more complex that its nonrelativistic counterpart, and involves an irreducible generalized hypergeometric function 3 F 2 with the unit argument. In the nonrelativistic limit, we recover the expression found in Refs. [1, [6] [7] [8] [9] [10] [15] [16] [17] .
Problem formulation
We are concerned with a Dirac one-electron atom (or ion) with a point-like, spinless and motionless nucleus of electric charge +Ze. The atomic electron is constrained to move in a plane through the nucleus. It is assumed that the interaction potential between the electron and the nucleus is the one-over-distance Coulomb one. The system is immersed in a static and uniform lateral electric field of strength F . It is posited that the electric field is weak, in the sense that the electron is considered to stay bounded (in other words, the probability of the occurrence of the field-ionization process is negligibly small) and field-induced energy shifts are small compared to the fine-structure splitting of the planar Dirac-Coulomb energy levels. Under the assumptions specified above, the time-independent electronic wave function is taken to be a solution to the planar Dirac equation
subject to the standard constraint of single-valuedness and the boundary conditions
is the potential energy of the interaction between the electron and the perturbing electric field F . Henceforth, we shall be assuming that the atomic plane is the {x, y} one, with the Cartesian unit vectors n x and n y , and that the field F is directed along n x , i.e.,
3)
The two components of the Dirac vector matrix
and the matrix β are taken to be
respectively, where 6) while I stands for the unit 2 × 2 matrix. Since the field F has been assumed to be weak, we shall treat the term V (1) (r) as a small perturbation of the Dirac-Coulomb Hamiltonian. Proceeding within the framework of the RayleighSchrödinger perturbation theory, E and Ψ(r) may be sought in the forms of the series
The zeroth-order terms E (0) and Ψ (0) (r) appearing above are those solutions to the planar boundstate Dirac-Coulomb energy-eigenvalue problem
from which E and Ψ(r) evolve in effect of the action of the electric field.
In this work, we shall carry out calculations of the energy corrections E (1) and E (2) in the case when E (0) and Ψ (0) (r) refer to the ground state of the isolated atom. The energy E (0) of that state is 10) where α = e 2 /(4πǫ 0 )c is the Sommerfeld fine-structure constant, while the wave function 11) with the basis eigenfunctions chosen to be
and with the mixing coefficients a
±1/2 constrained to obey
In Eq. (2.12) and hereafter, 0 ϕ < 2π is the polar angle between the unit vector n x and the radius vector r,
are the axial spinors introduced by Poszwa and Rutkowski [21] and discussed more comprehensively in Ref. [4, Appendix A] (notice that the quantum number κ used in the present paper and in Ref. [4] has the opposite sign in relation to the one from Ref. [21] ), while the ground-state radial functions P (0) (r) and Q (0) (r) are
and
with a 0 = (4πǫ 0 ) 2 /me 2 being the Bohr radius. To ensure that γ 1/2 is real and positive, we impose the constraint
It may be verified that the axial spinors (2.14) are orthonormal in the sense of
and that the radial functions (2.15) are normalized to unity in the sense of
Consequently, it holds that
and, by virtue of the constraint (2.13), the function (2.11) is normalized to unity in the sense of
3 The first-order Stark effect
The first-order corrections E (1) and Ψ (1) (r) appearing in Eqs. (2.7a) and (2.7b) solve the inhomogeneous system
subject to the orthogonality constraint
Inserting Eq. (2.11) into the right-hand side of Eq. (3.1a), and then projecting the resulting equation from the left onto the unperturbed eigenfunctions Ψ
±1/2 (r), yields the algebraic system
Since the perturbation operator (2.2) may be written in the form
using Eq. (2.12) and the integral identity
we infer that V
Consequently, the first-order contribution to the energy eigenvalue E vanishes: 8) and the mixing coefficients a
±1/2 remain undetermined at this stage. With the result (3.8) taken into account, a formal solution to the system (3.1) is
whereĜ (0) (r, r ′ ) -the generalized planar Dirac-Coulomb Green function associated with the unperturbed energy level (2.9) -is a solution to the inhomogeneous system
(here I is the unit 4 × 4 matrix), subject to the disambiguating orthogonality constraint
The expression for Ψ (1) (r) given in Eq. (3.9) will be used in the next section, where the second-order Stark effect will be analyzed.
The second-order Stark effect and the atomic polarizability
The second-order corrections E (2) and Ψ (2) (r) are solutions to the inhomogeneous system
augmented with the orthogonality condition
Proceeding as in the preceding section, after making use of the results (3.8) and (3.9) , one arrives at the following algebraic system for the thus far undetermined mixing coefficients a
with
Plugging Eqs. (2.12) and (3.5), and also the following multipole representation ofĜ (0) (r, r ′ ): 
is the generalized radial Dirac-Coulomb Green function associated with the unperturbed groundstate energy level (2.9). It is seen from Eq. (4.6) that the matrix with the elements V
is a multiple of the 2 × 2 unit matrix; in effect the secular equation for the algebraic system (4.3) has the double root
and the mixing coefficients a
±1/2 again remain undetermined. To complete the task of calculation of the second-order energy correction E (2) , we have to evaluate the double radial integral (4.7) for κ = 1/2 and for κ = −3/2. For that purpose, we shall exploit the following series representation of the generalized Green functionĜ 
Here L 
where one chooses the positive sign for n r > 0 and the negative sign for n r < 0; if n r = 0, then the positive sign is to be chosen for κ − 1 2 and the negative one for κ 1 2 , i.e., it holds that N 0κ = −κ. The functions (4.12) and the expansion (4.10) may be constructed proceeding along the route analogous to the one taken by us in Ref. [19] for the three-dimensional Dirac-Coulomb problem.
Insertion of the expansion (4.10) into Eq. (4.7) transforms the latter into
(4.14)
The two radial integrals which enter the summand may be evaluated with the use of Eqs. (2.15), (4.11) and (4.12), together with the known integration formula
The results are
Plugging Eqs. (4.16) and (4.11) into the right-hand side of Eq. (4.14), collecting then the terms corresponding to n r and −n r , after some algebra one arrives at the following representation of the double integral (4.7):
Here and hereafter, 3 F 2 (· · · ) denotes the generalized hypergeometric function
Application of the identity
brings the expression (4.17) to the final general form 
Hence, after Eqs. (4.21a) and (4.21b) are plugged into Eq. (4.9), the second-order correction to energy is found to be
where
is the atomic unit of electric field.
The relationship between the second-order energy correction and the strength of the perturbing electric field may be written in the form 24) which defines the polarizability α 1 of the system under study. Comparison of Eqs. (4.24) and (4.22) yields the following closed-form expression for the polarizability of the planar Dirac one-electron atom in the ground state:
Numerical results for the scaled polarizabilities Z 4 α 1 (Z) for planar hydrogenic atoms with 1 Z 68, computed from Eq. (4.25), are listed in Table I . The value of the inverse of the finestructure constant used in calculations has been α −1 = 137.035 999 139 (from CODATA 2014 [23] ). The data are displayed in the form which also shows an estimated error in last two digits of each entry, resulting from the declared one-standard-deviation uncertainty (equal to 31) in the last two digits of the value of α −1 given above.
[Place for Table I] It remains to investigate the expression in Eq. (4.25) in the quasi-relativistic limit αZ ≪ 1. Using the approximations
27) where ψ(z) is the digamma function defined as
after straightforward but somewhat lengthy algebraic manipulations one arrives at the following quasi-relativistic estimate of the polarizability: A Appendix:
Polarizability of a relativistic threedimensional hydrogenic atom in the ground state
The polarizability of the three-dimensional Dirac one-electron atom in the ground state is is the polarizability of the nonrelativistic three-dimensional hydrogenic atom in the ground state. 
